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Abstract 
Chapman, R.J., Shrinking integer lattices II, Journal of Pure and Applied Algebra 78 (1992) 
123-129. 
Given a sublattice ,4, of rank k. of the integer lattice L” in Euclidean k-space. we ask the 
following question. What is the largest integer Y such that there is a sublattice .I’ of Z’ isometric 
to Y ’ ‘.4’? In this paper 1 give a complete solution if k 5 7. and if k = 8, I determine r to within 
a factor of 2. 
1. Introduction 
This paper considers the following problem: Given a full sublattice A of the 
integer lattice Z/‘ in Euclidean space, i.e. a sublattice of full rank k, can we find a 
lattice A’ c Z’ which is similar to A and has a fundamental region of smaller 
volume? In particular, can we find the least such volume that the fundamental 
region of such a lattice can have? 
This problem has been considered by Cremona and Landau [5] for k 4 4 and by 
the present author [2] for k = 5. If the lattice A’ is isometric to A-“‘A, Cremona 
and Landau give an upper bound for the possible A and show that it is attained for 
k 5 4. In [2] the present author shows that the Cremona-Landau bound is 
attained when k = 5 but not for k = 6 or k 2 8. In this paper, by using the theory 
of rational quadratic forms we obtain an improved bound for A and prove that it is 
attained for k 5 7 and that it is attained except possibly for a factor of 2 when 
k = 8. We use the classification of unimodular integral lattices in an essential way. 
Our methods, unlike the constructive approach of [2] and [5], are existential in 
character and the question of finding an algorithm to find the best A’ for k > 5 
remains open. 
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2. Preliminary results 
Let Rk be k-dimensional Euclidean space with the standard inner product 
(x, y) H x.y. A linear transformation T : R8”* Rk is a similarity with scale factor 
t_~ > 0 if TX. Ty = t_~‘x.y for all x,y E [Wk. If T is represented by the matrix M with 
respect to the standard basis, this condition is equivalent to M’M = p21. A 
similarity with scale factor 1 is called an isometry. 
Consider a full sublattice A of iZx and a similarity T of scale factor p with 
TA cZk. The elements of A span all of Qk over Q and so we see that 
T(CI?“) = T(C2A) = QTA C Qk. Hence T is represented by a matrix M E Ml,(Q) 
and so p2 E UJ. Also, if x,y E A, then TX, Ty E 27” and so p2x.y = TX. Ty E 2’. This 
shows that pL2 is a rational number whose denominator divides x.y. In particular, 
if g = gcd({x.y ( x,y E A}), then the denominator of p2 divides g and in particular 
p2 2 1 ig. We have thus proved the following: 
Lemma 1. Let A be a full sublattice of Ll‘ and T a similarity of iR/‘ of scale factor p 
with TA c Z“. Then ,u’ is a rational number whose denominator divides 
3. Rational quadratic forms 
To find a better bound than p’ 2 1 ig we use the theory of rational quadratic 
forms (see [7] for definitions and notation). Let M = (a,j) E M,(Q) satisfy M’M = 
pLzI with p > 0. Clearly M is nonsingular. We now introduce indeterminates 
X,, A’?, . . . , X, and put Y, = c, ajjX,. It immediately follows that ci Yf = 
~‘~,X~ and so the quadratic forms Q(X,,XZ,...,X,)=X:+X:+...+X: 
and p*Q are equivalent over Q. Using the theory of rational quadratic forms we 
can characterize all t E Q for which Q and tQ are equivalent over Q. 
Proposition 2. Let t E Q. Then Q is equivalent o tQ over U2 if and only if the 
following conditions hold: 
(i) If k is odd, then t is the square of a nonzero rational. 
(ii) If k is even but not divisible by 4, then t > 0 and ord,,(t) is even for all 
primes p = 3 (mod 4). 
(iii) 1j*4/k, then t >O. 
Proof. We use the Corollary to Theorem 9 in Chapter IV of [7]. This states that 
two rational quadratic forms are equivalent over Q if and only if their ranks, 
signatures, discriminants and Hasse invariants at each prime are equal. In all 
cases as Q is positive definite tQ will have the same rank and signature as Q if and 
only if t > 0. 
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Now the discriminants are d(Q) = 1 and d(tQ) = th. Note that these have to be 
interpreted as elements of Q*/Q*2. If k is odd, then d(tQ) = t and this equals 
d(Q) modulo squares if and only if t is a square. Conversely, if t is a square, then 
Q and rQ are clearly equivalent over Q and so (i) follows. If k is even, then 
d(tQ) = 1 and the discriminants are automatically equal. 
Suppose then that k is even and t > 0. The Hasse invariants are E,,(Q) = 1 and 
e,,(tQ) = (t, t)2’m’)‘2, where ( , )t, denotes the Hilbert symbol at the prime p. If 
k is divisible by 4, then k(k - 1)/2 is even and so &,,(tQ) = 1 for all p. Hence all 
the invariants of Q and tQ are equal and so Q and tQ are equivalent and (iii) 
follows. 
If now k ~2 (mod4), then k(k - 1)/2 is odd and e,>(tQ) = (t, t),,. By standard 
properties of the Hilbert symbol, (t, t),, = (-1, t){,. We now use Theorem 1 in 
Chapter III of [7] to evaluate (t, t)p. If p is odd, the formula gives us 
and so by quadratic reciprocity e,(tQ) = 1 if p = 1 (mod 4) and e,,(tQ) = 
(-1) “rd/J(‘) if p = 3 (mod 4). Hence if Q and tQ are equivalent, then ord,>(t) is even 
for all p = 3 (mod 4). Conversely, if ord,>(t) is even for all p = 3 (mod 4). then 
(t, t)P = 1 for all odd p and also (as t > 0) (t, t)% = 1. Now the product formula 
(Theorem 3 in chapter III of [7]) gives us 
(4 t)= n (4 t>,, = 1 3 
p prime 
so EJfQ) = (6 t)2 = 1 = G(Q). H ence all the invariants of Q and tQ are equal 
and so Q and tQ are equivalent and (ii) is proved. q 
We thus define a rational number t to be admissible if Q is equivalent to tQ over 
42. Note that admissibility of t depends on k as well as t and that t is admissible if 
and only if its numerator and denominator are. Hence we have proved the 
following: 
Lemma 3. Let A be a full sublattice of Zk and T a similarity of lRh of scale factor 
p, Then p2 is an admissible rational number whose denominator divides 
g = g4fx.y X,Y E A>> . 
In particular, puz 2 1 ih, where h is the largest admissible integer dividing g. 0 
can now state our main theorem. 
Theorem 4. Let A, g and h be as in the previous lemma. If k 5 7, then there is a 
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similarity T of [w“ with scale factor p such that TA 2 Zh and pm2 = h. If k = 8, then 
there is such a T with TAG Z’ and pm’ = h or (only if h is even) pm2 = hl2. 
4. Proof of the main theorem 
We attack the problem by working a prime at a time. Let q either be an 
admissible prime or the square of a prime and suppose q1 g. We can embed A in a 
lattice R such that A c R c Z“ and q1x.y for all x,y E 0 and 0 is maximal with 
respect to this condition. If we can prove Theorem 4 for this 0, it will follow that 
there is a similarity T of scale factor q-l” with TA c Z”. 
Define a full sublattice A of Zh to be q-divisible if q1x.y for all x,y E A. Also 
define A to be maximal q-divisible if it is properly contained in no other 
q-divisible sublattice of Z”. If it is a full q-divisible sublattice of Zx, then, as the 
index IZ/‘ : A is finite, there exists a maximal q-divisible lattice R c iZk with 
AC 0. 
Theorem 5. Let q be an admissible prime number or the square of a prime 
number. Suppose R c Zh is a maximal q-divisible lattice. Then 1~” : R( = qkJ2. 
Proof. I claim that 0 _> qZh. For R + q.Z/‘ is a q-divisible lattice containing R and 
so by maximality of 0, 0 = R + qZh 1 qZ’. Let fi be the image of 0 in the 
quotient Z’“/qZ’. As R > qZ” it follows that )Z’ : R/ = lZ”/qZ’ : fi(. Now the 
inner product on Zh induces a nonsingular pairing Zh/qZh x Z”/qZ”-+ Z/qZ 
which we shall also denote by the dot notation. The q-divisibility of 0 implies that 
fi.fi = 0. Also if V is a subgroup of Zx/qZh which is isotropic in the sense that 
V.V= 0, then 11 = {x E Lh I X E V} is a q-divisible lattice containing qZ’, where X 
denotes the reduction of x module q. Hence fi is a maximal isotropic subgroup of 
ZhlqZ’ and it suffices to show that all such subgroups have index qk”, or 
equivalently have order qh “. 
Case (i): q = 2. For 2 to be admissible k must be even. Let V be a maximal 
isotropic subgroup of U = Z’/2Z”, a vector space of dimension k over [F?. If u E V, 
then u.u = 0 and so an even number of the coordinates of u equal 1, and so 
V c U” = {u E U I C, ui = O}. Also by isotropy V c V- = {u E U I u.V= 0). Let 
w E U” fl V ’ > V. As w E U”, w has an even number of coordinates equal to 1 
andsow.w=O.AlsoaswEV~,w.u=OforalluEV.Hencethegroup(w)+V 
is isotropic and so by maximality w E V. We conclude that V= U” n V’. Now we 
count dimensions of vector spaces over IF,. Note that every subgroup of CJ is an 
5,-vector space. Let d be the dimension of V over 1F,. As the inner product is 
nonsingular the dimension of V- is k - d and clearly the dimension of U” is 
k-l. Hence k-d~dim,,(U”fIV-)zk-d-1 and as V=U”nV’, k-d? 
d 2 k - d - 1 and so k 2 2d 2 k - 1 and as k is even we conclude that d = kl2. 
Hence [VI = 2k” as required. 
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Case (ii): 9 is an odd prime. We use the theory of quadratic forms over a field 
of characteristic f2, in particular that of the Witt ring. (For definitions and 
notation see [3].) Let U = Lk/pZk and note that U and all of its subgroups are 
[Fy-vector spaces. The space U has the inner product derived from the quadratic 
form Q(u,, u2,. . . , uk) = UT + ZL: + . . . + uz. It suffices to show that every maxi- 
mal isotropic subspace of CJ has dimension k/2. By Theorem 4 in Section 8.3 of 
[3] this follows if I/ is a direct sum of hyperbolic planes. But this is true if and only 
if [U] = 0 in the Witt ring W(E,). Now [U] = k[(l)] and by the Corollary to 
Lemma 5.8 in Chapter 2 of [l], IW(iF,)I = 4 an d is noncyclic if 4 = 1 (mod 4). If 
4 = 1 (mod 4), then, as 4 is admissible, k is even and k[( l)] = 0, and if q = 3 
(mod 4), then, as q is admissible, k is divisible by 4 and k[ (l)] = 0 again. This 
concludes the proof in this case. 
Case (iii): q =p2 with p prime. Let V be a maximal isotropic subgroup of 
U = Z’lp’Zk and let W = V fI pZ”/p’Z”. Now if we let V, be the image of V in 
Zk/pZA and V, = {u l 12’lpZ’ 1 pu E W}, then IV : WI = IV,1 and IWI = IV,1 and 
so IV/ = iV,llV,l. N ow consider V, and V? as subspaces of the inner product space 
U’ = Z“1p.Z” over [F,. If x E V, and y E V,, then x’ and py are in V, where x’ is 
any lift of x to V and so x’.py = 0 in Z/i’Z and x.y = 0 in 1F,]. Hence V, .Vz = 0 
andsoV,CV:={UEU’(u.V,=O}.NowIclaimthatVz=V;.IfuEV:,then 
consider pu E U. Trivially pu.pu = 0 and if x E V, then x.pu = p(x.z.4) = 0 because 
X. u = 0 in IF,, as the image of x in U’ lies in V, and u E V:. Clearly then ( py) 
is isotropic subgroup of and maximality pu and 
E required. Now as inner product on U’ nonsingular, [VI = 
IV,IIVzI =pk = q”” and the theorem is thus proved. 0 
recall in R/‘ is if integral, is, 
x.y for all x,y E A and its fundamental has volume 1. integer 
lattice Z’ is clearly is odd, is, contains x.x 
odd integer. Another is the E, root lattice 
E,= (X,.X? ,..., 1 x,)tZ”“(L+I,2)~~~x,E2L}. ,=I 
which is an even unimodular lattice, that is, x.x is even for all x E E,. We have the 
classification theorem in dimensions k 5 8: 
Theorem 6. If A is a unimodular lattice in R” for k 5 8, then there is an isometry T 
of R” such that TA = Bl‘ if A is odd or TA = E, if A is even (and so k = 8). 
Proof. This is part of Theorem 106:13 in [6]. 0 
Theorem 5 has the following corollary: 
Lemma 7. Let q be an admissible prime or the square of a prime. [f 0 is a 
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maximal q-divisible lattice, then the lattice q -“?I is unimodular. Also if q is odd 
then q ‘12.Q is an odd unimodular lattice. 
Proof. By Theorem 5, ]Zk : 14 = qk” and so the fundamental region of 0 has 
volume q/“2. Hence the fundamental region of q-“‘A has volume 1. As R is 
q-divisible, x.y E qZ for all x,y E fi and so qm”‘x.qp”‘y EZ and q-“‘0 is 
integral. Hence the lattice q-l’% is unimodular. 
Ifqisodd, thenx=(q,O,O,...,O)E~asqZk~~. Nowy=q~“‘xEq~‘!‘O 
has y.y = q odd. Hence q -“‘O is an odd unimodular lattice as claimed. q 
We now proceed to the proof of the main theorem. Let A c Zk be a full 
sublattice, g = gcd({x.y ] x,y E A}) and h be the largest admissible integer factor 
of g. If h = 1, then there is nothing to prove. If h > 1, then there is a q/h which is 
either an admissible prime or the square of a prime. As A is q-divisible we can 
embed A c fj which is maximal q-divisible. By Lemma 3 the lattice q-“‘Q is 
unimodular and also odd if q is odd. So unless k = 8 and q is even then by 
Theorem 3 there is an isometry T with T(q-“‘0) = Zk. Now the map 
s:x++q -“‘TX is a similarity of scale factor q-“2 with A’ = SA CZk. Also 
g’ = gcd( {x’.y’ 1 x’,y’ E A’}) = / g q and h’ = h/q is the largest admissible integer 
factor of g’. Repeating this process yields a similarity R of scale factor /1 with 
RACZkandpm2=hfork57andpU2= 1 for k = 8, where 1 is the largest odd 
factor of g = h. Hence the theorem is proved for k 5 7. 
Now let k = 8. We may assume that g = h is even and by the above we may 
reduce to the case where g = h is a power of 2. If g 5 2, we are done, so suppose 
that 4 divides g. As A is 4-divisible, we can embed A c R with R maximal 
4-divisible. By Lemma 3 the lattice 2-‘R is unimodular and so isometric to either 
Zx or E,. In the former case we an argue as above and reduce h by a factor of 4. 
Now I claim that there is a sublattice L of Zx isometric to GE,. Given this claim 
choose an isometry T with T(2-“‘)R = L. The map S : x~2~“~Tx is a similarity 
of scale factor 2- “’ with SA c L c Zx. Hence we can reduce g by a factor of 2. 
Repeating we can reduce g to 1 or 2 and the theorem is proved. 
Finally the lattice L generated by the rows of the matrix 
11111111 
01010101 
00110011 
00001111 
i 1 00020000 00000200 00000020 00000002 
is isometric to fiE, as claimed (see p. 233 of [4]). 0 
Shrinking integer luttices 11 129 
Acknowledgment 
I would like to thank Dr. John Cremona for bringing this problem to my 
attention. 
References 
[l] J.W.S. Cassels, Rational Quadratic Forms (Academic Press, London, 1978). 
[2] R.J. Chapman, Shrinking integer lattices. 1990, Forthcoming. 
[3] P.M. Cohn, Algebra, Vol. 2 (Wiley, London, 1977). 
[4] J.H. Conway and N.J.A. Sloane, Sphere Packings, Lattices and Groups (Springer, New York, 
1988). 
[5] J. Cremona and S. Landau. Shrinking lattice polyhedra, SIAM J. Discrete Math. 3 (1990) 
338-348. 
[6] O.T. O’Meara, Introduction to Quadratic Forms (Springer, Berlin, 1963). 
[7] J.-P. Serre. A Course in Arithmetic (Springer. New York, 1973). 
